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Abstract
The decay rate of neutrinoless double beta (0νββ) decay contains terms from heavy particle
exchange, which lead to dimension-9 (d = 9) six fermion operators at low energies. Limits on the
coefficients of these operators have been derived previously neglecting the running of the operators
between the high-scale, where they are generated, and the energy scale of double beta decay,
where they are measured. Here we calculate the leading order QCD corrections to all possible
d=9 operators contributing to the 0νββ amplitude and use RGE running to calculate 1-loop
improved limits. Numerically, QCD running changes limits by factors of the order of or larger
than typical uncertainties in nuclear matrix element calculations. For some specific cases, operator
mixing in the running changes limits even by up to two orders of magnitude. Our results can
be straightforwardly combined with new experimental limits or improved nuclear matrix element
calculations to re-derive updated limits on all short-range contributions to 0νββ decay.
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I. INTRODUCTION
Absence of neutrinoless double beta (0νββ) decay constrains lepton number violating
extensions of the Standard Model (SM). Usually lower limits on 0νββ decay half-lives are
interpreted as upper limits on the effective Majorana neutrino mass, 〈mν〉 =
∑
jmjU
2
ej, but
many models generating a non-zero 0νββ decay amplitude not directly proportional to 〈mν〉
have been discussed in the literature, for recent reviews on 0νββ decay see for example [1, 2].
One can classify the different contributions to the general 0νββ decay rate either as
long-range [3] or as short-range [4] contributions. The long-range part of the amplitude
describes the exchange of a light neutrino between two point-like vertices. If both vertices
are the SM charged current vertices, the resulting diagram corresponds to the well-known
mass mechanism, but other long range contributions, not directly proportional to 〈mν〉, do
exist in many models, like for example R-parity violating SUSY [5–7] or leptoquark models
[8].
The short-range part of the 0νββ amplitude is due to “heavy” particle exchange. 1 After
integrating them out the amplitude can be represented as (the nuclear matrix element of) a
true dimension-9 (d = 9) quark-level effective operator, which can be schematically written
as:
Od=9 ∝ 1
Λ5LNV
u¯u¯ dd e¯e¯ . (1)
The general SU(3)c × SU(2)L × U(1)Y invariant decomposition of this d = 9 operator has
been discussed in [9]. The tables given in [9] can be understood as a summary of all (proto-)
models which contribute to 0νββ decay at tree-level based on scalar exchange. Once all
possible UV-completions of eq.(1) have been specified, one can then use the results of [4] to
derive general limits on all possible models contributing to 0νββ decay.
Given current experimental lower limits on half-lives of 0νββ decay, of the order of (few)
1025 ys for 76Ge [10] and 136Xe [11–13], the energy scale, ΛLNV, at which eq.(1) is generated
is expected to be of the order of roughly O(TeV). On the other hand, 0νββ decay is a low-
energy process with the typical momentum scale given by the Fermi momentum of nucleons,
pF . This rather large mismatch in scales implies that the running of the operators may be
quite important numerically. This observation forms the basic motivation for the current
paper.
Calculations of RGE (“renormalization group equation”) improved Wilson coefficients for
weak decay operators have become standard tools [14, 15] in electro-weak precision physics.
Here, we calculate the leading order QCD diagrams, correcting eq.(1), and use RGE running
for all possible d = 9 operators contributing to 0νββ decay. Colour mismatched operators,
which appear in this calculation, lead to operator mixing. Since different operators in 0νββ
decay can have vastly different nuclear matrix elements, this effect in some case leads to
1 Any particle with mass larger than the typical Fermi momentum of the nucleons, i.e. O(0.1) GeV, can be
considered “heavy” in 0νββ decay. All exotic fermions contributing to the short-range amplitude, except
possibly sterile neutrinos, are expected to have masses larger than O(100 GeV).
2
a rather drastic change in the derived limits. It is therefore important to take these QCD
corrections into account in the calculation of limits on short-range operators.
We note, that our paper is not the first to consider QCD corrections. In [16] the author
calculated Wilson coefficients for currents of the form V +A and V −A and mentions that
colour mismatch is expected to be important for S±P . Reference [17] consider a particular
scalar model for 0νββ decay and calculates QCD corrections for S±P for the pion exchange
mechanism. Our current paper, however, is the first one to give the complete set of QCD
corrections to all short-range operators.
The rest of this paper will be organized as follows. In the next section we will first
repeat the most important definitions for operators, currents and the 0νββ decay half-life
given in [4], before summarizing in section III briefly how to connect low-energy 0νββ decay
with the possible ultra-violet completions (“models”) of the d = 9 operator [9]. Section IV
gives a description of our calculational procedure, defining the Wilson coefficients and basic
formulas for the RGE running. Section V then discussed our numerical results, before we
close with a short summary in section VI.
II. LOW-ENERGY EFFECTIVE LAGRANGIAN AND 0νββ-DECAY HALF-LIFE
From the low-energy point of view, adequate for the energy scale µββ of 0νββ decay,
the short range (SR) part of the decay amplitude can be derived from the generic effective
Lagrangian [4] 2
L0νββeff =
G2F
2mp
∑
i,XY
CXYi (µ) · OXYi (µ), (2)
with the operator basis containing the following operators, classified by their Lorentz struc-
ture:
OXY1 = 4(u¯PXd)(u¯PY d) j, (3)
OXX2 = 4(u¯σµνPXd)(u¯σµνPXd) j, (4)
OXY3 = 4(u¯γµPXd)(u¯γµPY d) j, (5)
OXY4 = 4(u¯γµPXd)(u¯σµνPY d) jν , (6)
OXY5 = 4(u¯γµPXd)(u¯PY d) jµ (7)
with X, Y = L,R and the leptonic currents are
j = e¯(1± γ5)ec , jµ = e¯γµγ5ec. (8)
Note that, leptonic currents e¯γµec, e¯σµνec and e¯σµνγ5e
c vanish identically. Note further that
the factor
G2F
2mp
in Eq. (2) has been chosen to make the coefficients Ci dimensionless quantities
2 In [4] the coefficients in Eq. (2) where denoted as XYi .
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and we have introduced a factor of 4 in Eqs. (3)-(7), such that the numerical values of Ci
can be directly compared with the numbers given in the original paper [4]. Finally, all
hadronic operators can have superscripts LL, LR or RR, with the exception of OXX2 , for
which OLR2 = ORL2 ≡ 0.
Eq. (2) is nothing but the most general parametrization of the effective Lagrangian in
terms of the quark-lepton operators, which can contribute to the 0νββ decay amplitude
at tree level. No particular physics underlying the Lagrangian (2) is implied at this stage.
Note that the Lagrangian (2) is tied to the typical energy scale µ ∼ pF of 0νββ decay,
which is of the order of the Fermi momentum of nucleons and quarks in 0νββ decaying
nucleus, pF ∼ 100 MeV. The Lagrangian (2) can be applied to processes with any hadronic
states: quarks, mesons, nucleons, other baryons and nuclei. The corresponding amplitude is
determined by the matrix elements of the hadronic part Ohi of the operators in Eqs. (3)-(7)
and coefficients Ci independent of the low-energy scale non-perturbative hadronic dynamics.
This is the well-recognizable feature of the Operator Product Expansion (OPE), representing
interactions of some high-scale renormalizable model in the form of Eq. (2) below a certain
scale µ. The coefficients Ci are known as Wilson coefficients, depending on the parameters
of a high-scale model.
Applying standard nuclear theory methods, one finds for the half-life:
[
T 0νββ1/2
]−1
= G1
∣∣∣∣∣
3∑
i=1
Ci(µ0)Mi
∣∣∣∣∣
2
+G2
∣∣∣∣∣
5∑
i=4
Ci(µ0)Mi
∣∣∣∣∣
2
(9)
Here, G1 = G01 and G2 = (meR)
2G09/8 are phase space factors in the convention of [18],
and Mi = 〈Af |Ohi |Ai〉 are the nuclear matrix elements defined in Ref. [4]. In the above
equation the summation over the coefficients corresponding to the operators OXYi with
different chiralities X, Y = L,R is implied. The Wilson coefficients Ci(µ0) should be taken
close to the typical 0νββ-energy scale. In our analysis we choose µ0 = 1GeV. In Eq. (9) we
have not included interference terms, given in Eq.(3) of Ref. [4], since none of the high-scale
models listed in [9] mixes the coefficients C1,2,3 with C4,5.
Numerical values for the nuclear matrix elements Mi, based on the pn-QRPA approach
of [19], can be found for 76Ge in [4], for other isotopes of interest see [2]. It is, however, well-
known that nuclear matrix elements for 0νββ decay have quite large numerical uncertainties.
Recent publications calculating matrix elements for heavy neutrino exchange, i.e. matrix
elements for the short-range part of the amplitude corresponding in our notation to the
term CLL3 , give numerical values which are larger than those of [2] by typically 50 % (40 %)
in the QRPA calculation by the Tu¨bingen group [20] (Jyva¨skyla¨ group [21]). Shell model
calculations for light neutrino exchange, on the other hand, seem to give matrix elements
which are up to a factor of two smaller than those of QRPA [22]. Similar factors are found
for heavy neutrino exchange in the shell model calculation of [23]. However, a recent shell
model calculation for 76Ge gives matrix elements for light neutrino exchange [24] only 15-
40 % smaller than than those of [19]. While these variations in numerical results do probably
not cover the error bar in the calculation of nuclear matrix elements completely, from these
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numbers one may estimate that currently matrix elements for the short-range part have
uncertainties of roughly a factor of 2 or so.
We note, however, that while we do use the numerical values of [2] for the derivation
of new limits, all our calculations are presented in such a way that the running of the
operators is separated completely from the nuclear structure part of the calculation. Thus,
our coefficients can be combined with any new nuclear matrix element calculations, should
they become available, to extract updated limits.
III. LINK TO HIGH-SCALE MODELS
As already mentioned above, Eq. (2) is a general parametrization of all the possible
contact interactions contributing to 0νββ decay amplitude at tree level, without referring to
any underlying physics. The latter is typically thought to be represented by renormalizable
models with heavy degrees of freedom which decouple from the light sector at certain energy
scale (much) larger than the characteristic scale of 0νββ decay. In the literature one can
find two approaches connecting the effective Lagrangian (2) to such high-energy models. We
will discuss them briefly.
Historically, the first approach was the top-down approach: Starting from a concrete
high-scale model and integrating out heavy degrees of freedom of a mass Mh at energy-
scales µ < Mh. Then, there appear effective non-renormalizable interactions of the light
fields in the form of an expansion in the inverse powers of Mh, which is the operator product
expansion. The interactions (2) are then the leading d=9 terms of this expansion. The
well-known and simplest example of such a model is the SM, extended by a heavy Majorana
neutrino N with the mass MN  µββ ∼ pF ∼ 100 MeV. The relevant Lagrangian term is
LSMN = g2√
2
eL γ
µUeNN ·W−µ (10)
where g2 is the SU(2)L gauge coupling constant and UeN describes the mixing of this heavy
state with the ordinary electron neutrino. The tree-level diagram contributing to the 0νββ
amplitude is shown in Fig. (1) on the left with W± denoted by dashed lines. At momenta p
of the external legs below both MW and MN one can expand the corresponding propagators
in p2/M2i with i = W,N . The leading term is
LeffSMN = −8
GF√
2
UeN
MN
uL γµdL · uL γµdL · e¯PRec. (11)
In the path integral approach the described procedure is equivalent to integrating out the W
and N fields, which consists of neglecting their kinetic terms, justified at energies below their
masses, and the subsequent Gaussian integration overW andN variables. (For a pedagogical
review see Refs. [14, 15]). In the literature a great host of high-scale models have been linked
to the form of the Lagrangian (2) in this way. The key point here is that there are at least
two orders of magnitude of hierarchy between the scale where the new degrees of freedom
are integrated out and the scale of 0νββ decay, which the parameterization of Eq. (2) is
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FIG. 1: Tree-level topologies contributing to the 0νββ decay rate. To the left T-I, scalar-fermion-
scalar exchange; to the right T-II, scalar-scalar-scalar diagrams. Scalars could also be replaced by
vectors.
tied to. As has been pointed out for the first time in ref. [16] in the presence of QCD loop
corrections such a scale hierarchy has a significant impact on the relation of the parameters
of high-scale models and the parameters Ci extracted from the measurements of 0νββ decay
half-life on the basis of Eq. (9).
Recently, a bottom-up approach to “deconstructing” 0νββ decay has been proposed in
Ref. [9]. This “decomposition” approach to Eq. (1) surveys in a generic way all possible
renormalizable SU(3)c × SU(2)L × U(1)Y invariant interactions leading in the low energy
limit to the effective operators in Eq. (2). As shown in [9], there are only two tree-level
topologies for the decomposition of the operator in Eq. (2). These are shown in Fig. (1)
and denoted T-I and T-II. The six outside lines stand for any of u¯, d or e¯. Dashed lines
are for bosons (either scalars or vectors), the full (inner) line in T-I is for some exotic (i.e.
non-standard model) fermion.
The task of defining all possible ultra-violet completions (“models”) contributing to the
0νββ decay rate (at tree-level), then reduces the problem to finding all SM-invariant fermion
bilinears involving the quarks and leptons (plus all bilinears involving one SM fermion and
one exotic fermion in case of T-I) of Eq. (1) and, after integrating out all heavy (ie. beyond
SM) particles, rewrite the resulting expressions into the basis operators of Eq. (2). We will
discuss one simple example here, all other possible decompositions can be found analogously.
Concentrating on only the scalar case and taking into account all possible variations there
is a total of 135 (T-I) plus 27 (T-II) possible assignments, complete lists are given in the
Tables of [9].
To make contact with [9], we will discuss here a simple example based on the de-
composition T-I-1-i. This corresponds to the fermions in Fig. (1) left assigned as
(u¯LdR)(e¯L)(e¯L)(u¯LdR). With this choice, the two scalars are S1 = S2 and are fixed to
be either S1,2,1/2 or S8,2,1/2. For the former the intermediate fermion is either ψ1,1,0 or ψ1,3,0,
while for the latter it is fixed to ψ8,1,0 or ψ8,3,0. Interactions appearing in the diagram are
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then given by:
LY = YQd(1)(Q¯dR)S1,2,1/2 + YQd(8)(Q¯dR)(λA/2)S8,2,1/2 (12)
+ Yeψ(1)(e¯Lψ1,X,0)S
†
1,2,1/2 + Yecψ(1)(e¯
c
Lψ1,X,0)S1,2,1/2
+ Yeψ(8)(e¯Lψ8,X,0)(λ
A/2)S†8,2,1/2 + Yecψ(8)(e¯
c
Lψ8,X,0)(λ
A/2)S8,2,1/2
Here, (λA) are the Gell-Mann matrices, and Yab(C) some unknown Yukawa couplings.
Eq. (12), together with the Majorana propagator for ψC,X,0 and after integrating out heavy
particles, gives an effective Lagrangian, which for the colour octet case reads
Leff =
Y 2Qd(8)Yeψ(8)Yecψ(8)
m4S8,2,1/2mψ8,X,0
(λA/2)ba(λ
A/2)dc(Q¯
adR,b)(Q¯
cdR,d)(e¯PRe
c). (13)
The Lagrangian for the color singlet case is identical to Eq. (13) after some obvious replace-
ments, i.e. (λA/2)ij → 1 etc. It is also already in the basis defined in Eq. (2), so for the
colour-singlet case only
CRR1 =
(
2mp
G2F
)
Y 2Qd(1)Yeψ(1)Yecψ(1)
m4S1,2,1/2mψ1,X,0
is non-zero. For the colour octet, however, before applying the standard non-relativistic
impulse approximation to convert quark to nucleon currents, first the color singlet has to be
extracted. Using
(λA)ab (λ
A)cd = −
2
3
δab δ
c
d + 2δ
a
dδ
c
b ,
this leads to an operator, which contains the original operator plus a color mismatched piece:
− 2
3
(Q¯adR,a)(Q¯
adR,a) + 2(Q¯
adR,b)(Q¯
bdR,a). (14)
This can be brought to canonical form using Fierz rearrangement, resulting in:
Leff ∝ CRR1
(
− 5
3
ORR1 −
1
4
ORR2
)
. (15)
Thus, CRR1 in this case is determined by a sum of two of the basic operators. We will
discuss how to take into account the appearance of two operators in section (V), where our
numerical results are presented. Note that in the list of [9] all high scale model lead to at
most two different operator in the low-energy decay rate.
IV. OPE AND QCD EFFECTS
In this section we develop the formalism for taking into account the Leading Order (LO)
QCD corrections to the operator product expansion given in Eq. (2). We follow essentially
the methods described in the reviews [14, 15] for semi-leptonic and hadronic decays of
mesons. An important feature of the representation of the effective Lagrangian, see Eq. (2),
is that it involves the complete set of d=9 operators (3)-(7) contributing to 0νββ decay.
Therefore, no new operators are generated under renormalization.
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FIG. 2: 0νββ decay example diagrams of one-loop QCD corrections to the “full theory”
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FIG. 3: One-loop QCD corrections to the short range mechanisms of 0νββ decay in the effective
theory.
A. Matching of Full Theory onto Effective
We start with the discussion of the procedure relating the high-scale renormalizable
model, typically dubbed in the present context as a “full theory”, to an effective theory
with the Lagrangian Eq. (2) treated as the low-energy limit of the full theory. This match-
ing procedure allows one to derive the coefficients Ci in terms of the parameters of the
high-scale model and take into account the corresponding perturbative QCD effects. The
matching is settled at the level of amplitudes of the full theory Afull and of the effective one
Aeff ∼ 〈L0νββeff 〉 requiring they coincide
Afull = G
2
F
2mp
∑
i
Ci(µ) · 〈Oi(µ)〉 (16)
at an energy scale µ ≤ Λ below the heavy particle masses of the full theory. This is
the so-called matching condition. In the left-hand side of this equation only the leading
term ∼ (1/Λ)5 of the low-energy expansion is retained. Since the coefficients Ci we are
interested in, do not depend on the external states one can use the simplest hadronic states
for the amplitude calculation, which are the quarks. For the same reason we are allowed
to set quark masses to zero and assign to all of them the common value of the space-like
momentum p2 < 0. The latter allows us to avoid infrared singularities in the calculation.
The diagrams representing the one-loop QCD corrections to the matrix elements of the
effective operators in Eq. (16) are shown in Fig 3. In Fig. 2 we give an example of the set
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of one-loop diagrams relevant for the calculation of the full theory amplitude. In order to
tackle the ultraviolet (UV) divergencies we use the dimensional regularization and the MS
subtraction scheme. For simplicity we assume that the masses of all the heavy particles of
the full theory are equal to a common scale Λ = ΛLNV . Following [14, 15] and for the sake
of keeping the discussion simple, in this section we set this matching scale to MW . Note,
however, that given current LHC constraints lower limits on ΛLNV are already of the order
of ΛLNV ∼ O(1) TeV. We will come back to discuss this in section V. A straightforward
calculation shows the general structure of the amplitude and the operator matrix elements
in the LO of the QCD perturbation theory has the following form:
AFull = gfull
Λ5
ai
[
1 + ci
αs
4pi
(
1

+ ln
(
µ2
−p2
))
+
αs
4pi
zi ln
(
M2W
−p2
)]
〈Oi〉tree (17)
〈Oi〉(0) =
[
δij +
αs
4pi
bij
(
1

+ ln
(
µ2
−p2
))]
〈Oj〉tree. (18)
Here, 〈Oi〉tree are the operator matrix elements without QCD corrections. The explicit form
of the matrix bij will be given in the LO approximation below. On the other hand, we
do not need any knowledge of the coefficients ai, ci or zi since our goal is to calculate the
QCD running of the Wilson coefficients of the effective operators, which is determined, as
discussed below, by bij only. The above expression (17) is given in order to clarify some
aspects of the matching. The singular 1/ term in Eq. (17) originates from the diagram
with the vertex correction Fig. (2a), which is UV divergent, while the diagram Fig. (2b)
leads to the finite second term due to the propagators of the virtual heavy particles of the
mass ∼MW cutting the logarithmic divergence at MW . The singularity from the first term
can be eliminated by coupling constant and quark field renormalization. The quark field
renormalization due to the QCD corrections is given by
q0 = Z
1/2
q q, with Zq = 1− CF
αs
4pi
1

+O(α2s), (19)
where q0 and q are the bare and renormalized quark fields with the renormalization constant
Zq given in LO approximation. Here CF = (N
2 − 1)/(2N) is the standard SU(N) color
factor. In the case of the operator matrix elements in Eq. (18) the 1/-singularities are
removed by the quark field renormalization, Eq. (19), accompanied by renormalization of
the operators O(0)i = ZijOj, mixing them within certain groups of the complete list (3)-(7).
These groups are identified in the next section. The operator matrix elements in Eq. (18)
are renormalized as amputated Green functions
〈Oi〉(0) = Z−2q Zij〈Oj〉. (20)
Requiring the cancelation of the singularities in Eq. (18) one finds
Zij = δij +
αs
4pi
(bij − 2CF δij)1

+O(α2s). (21)
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The renormalized matrix elements 〈Oj〉 and the amplitude AFull have the same form as in
Eqs. (18), (17), but with 1/ = 0 and bij substituted by bij − 2CF δij. Inserting these finite
quantities in the matching condition, Eq. (16), one finds the Wilson coefficients in the form
Ci(µ) =
(
δij +
αs
4pi
fij ln
(
M2W
µ2
)
+O(α2s)
)
Ctreej , (22)
where Ctreei = Ci(MW ) are the coefficients derived from a high scale model by integrating out
heavy particles and neglecting the QCD corrections. In this formula fij are some numerical
coefficients which explicit form is irrelevant for the present discussion. The above relation
is shown in order to motivate the subsequent analysis needed to make contact with 0νββ
scales, µ ∼ 100 MeV. As seen Eq. (22) in this case contains a large logarithmic term
breaking the perturbation theory. The way out is very well known: one has to sum up the
large logarithms in all orders in αs on the basis of the Renormalization Group Equations
(RGE). It is done in what follows.
B. QCD running of Wilson coefficients
Following Refs. [14, 15] we write the RGE for the Wilson coefficients in matrix form
d~C(µ)
d lnµ
= γˆT ~C(µ), (23)
where ~C = (C1, C2, ...) and the anomalous dimension matrix γˆ
T is given in the MS-scheme
by [15] :
γˆ(αs) = −2αs∂Zˆ1(αs)
∂αs
, (24)
where Zˆ1 is the matrix factor of the singularity 1/ in Eq. (21). Thus we have in the LO
approximation
γij(αs) =
αs
4pi
γij, with γij = −2(bij − 2CF δij), (25)
where γij are the components of the anomalous dimension matrix γˆ.
The solution of Eq. (23) can be represented in terms of the µ-evolution matrix
~C(µ) = Uˆ(µ,Λ) · ~C(Λ). (26)
between the low and high energy scales µ and Λ, respectively. In the LO one finds
Uˆ(µ,Λ) = Vˆ Diag
{[
αs(Λ)
αs(µ)
]γi/(2β0)}
Vˆ −1. (27)
The LO QCD running coupling constant is as usual
αs(µ) =
αs(Λ)
1− β0 αs(Λ)2pi log
(
Λ
µ
) (28)
10
with β0 = (33− 2f)/3, where f is the number of the quark flavors with masses mf < µ. For
a normalization we use the experimental value αs(µ = Mz) = 0.118 [25]. Eq. (27) contains
the matrix Vˆ defined as
Diag {γi} = Vˆ −1γˆVˆ , (29)
where γˆ is the matrix form of γij, see Eq. (25). The matrix in the left hand side of Eq. (29)
is a diagonal matrix with the diagonal elements γi. The same notation is used in Eq. (27).
The quark thresholds in the evolution of the Ci(µ) down to µ0 ∼ 1 GeV can be approxi-
mately taken into account by the chain of the µ-evolution matrices with different numbers,
f , of quark flavors:
Uˆ(µ,Λ = MW ) = Uˆ
(f=3)(µ0, µc)Uˆ
(f=4)(µc, µb)Uˆ
(f=5)(µb,MW ), (30)
Uˆ(µ,Λ > mt ) = Uˆ
(f=3)(µ0, µc)Uˆ
(f=4)(µc, µb)Uˆ
(f=5)(µb, µt)Uˆ
(f=6)(µt,Λ), (31)
for two cases of the high energy scale Λ considered in the present paper. Here Uˆ (f) are the
matrix Uˆ in Eq. (27) calculated for f = 3, 4, 5, 6 quark flavors. The intermediate scales we
simply put to the corresponding quark thresholds µc = mc, µb = mb, µt = mt, which is an
adequate appropriation for the LO analysis (for more details see refs. [14, 15]).
C. Leading order QCD running of the 0νββ operator basis
In the leading order, the QCD corrections of the effective operators of the 0νββ basis
are shown in Fig.3. Of course, other similar 1-loop diagrams with all other possible gluon
links of the quark legs have to be taken into account additionally. The diagrams (a), (b),
(c), counted from the left to the right, contribute to the operator matrix elements (18) with
the following structures
(a) ∼ (u¯ΓiPXd) · (u¯γαγβΓjγβγαPY d) · jO · CF 1
4
α
4pi
(
1

+ log
µ2
−p2
)
(32)
(b) ∼ −(u¯ΓiγσγαT aPXd) · (u¯ΓjγσγαT aPY d) · jO · 1
4
α
4pi
(
1

+ log
µ2
−p2
)
(33)
(c) ∼ (u¯ΓiγσγαT aPXd) · (s¯γαγσΓjT aPY d) · jO · 1
4
α
4pi
(
1

+ log
µ2
−p2
)
, (34)
where Γi are the Lorentz structures corresponding to the operators from Eqs. (3)-(7) with
the leptonic currents jO, see Eq. (8) and T a are the generators of SU(3). Using Eq. (25) we
find the LO anomalous dimensions for all the 0νββ-operators as
γˆXY(31) = −2
(
− 3
N
−6
0 6CF
)
, γˆXX(12) = −2
(
6CF − 3 12N + 14
−12− 24
N
−3− 2CF
)
(35)
γXX(3) = −2
(
3
N
− 3
)
, γXY(5) = −3γXY(4) = −12CF , (36)
γˆXX(45) = −2
(
9− 2CF 3i− 6iN
i+ 2i
N
6CF + 1
)
, (37)
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where the superscripts X 6= Y = L,R denote the chiralities while the subscripts the numbers
of the operators from Eqs. (3)-(7) mixed under the renormalization. For instance, the first
matrix mixes the operators OXY3 ,OXY1 with X 6= Y = L,R, and so on. The anomalous
dimensions in the second row (36) are just numbers renormalizing each of the operatorsOXX3 ,
OXY5,4 separately without mixing. Then, using Eqs. (27)-(30) one can find the µ-evolution
matrix U(µ,MW ) and explicitly relate the Wilson coefficients at high- and low-energy scales.
V. QCD CORRECTED 0νββ HALF-LIFE AND LIMITS ON HIGH-SCALE MOD-
ELS
Now we express the half-life of 0νββ-decay Eq. (9) in terms of the high-scale Ci(Λ)
Wilson coefficients. This is the central result of the present paper:[
T 0νββ1/2
]−1
= G1
∣∣βXX1 (CLL1 (Λ) + CRR1 (Λ))+ βLR1 (CLR1 (Λ) + CRL1 (Λ))+ (38)
+ βXX2
(
CLL2 (Λ) + C
RR
2 (Λ)
)
+
+ βXX3
(
CLL3 (Λ) + C
RR
3 (Λ)
)
+ βLR3
(
CLR3 (Λ) + C
RL
3 (Λ)
)∣∣2 +
+ G2
∣∣βXX4 (CRR4 (Λ) + CRR4 (Λ))+ βLR4 (CLR4 (Λ) + CRL4 (Λ))+
+ βXX5
(
CRR5 (Λ) + C
RR
5 (Λ)
)
+ βLR5
(
CLR5 (Λ) + C
RL
5 (Λ)
)∣∣2 ,
where
βXX1 = M1 UXX(12)11 +M2UXX(12)21, βLR1 =M(+)3 ULR(31)12 +M1ULR(31)22, (39)
βXX2 = M1 UXX(12)12 +M2UXX(12)22, (40)
βXX3 = M(−)3 UXX(3) , βLR3 =M(+)3 ULR(31)11 (41)
βXX4 = − |M4| UXX(45)11 + |M5|UXX(45)21, βLR4 = |M4|ULR(4) , (42)
βXX5 = − |M4| UXX(45)12 + |M5|UXX(45)22, βLR5 = |M5|ULR(5) . (43)
From Eqs. (3) and (5) one sees that OXY1 and OXY3 are symmetric under the interchange
of X and Y . Consequently, in Eq. (38) CLR1 = C
RL
1 and C
LR
3 = C
RL
3 , which is equivalent
to a factor 2. Coherently with Eqs. (35)-(37) the subscripts of the evolution matrix U
in the parenthesis denote the subscripts of the operators from Eqs. (3)-(7) mixed under
the renormalization, the subscripts without the parenthesis specify the matrix element.
Numerical values of these matrix elements are given in Appendix A. The nuclear matrix
elements Mi are defined in Ref. [4] and can be calculated in any nuclear structure model.
We use their numerical values as given in Ref. [2] and display them for convenience in Table
I.
The currently best lower bounds on the 0νββ-decay half-life come from experiments using
76Ge (combined GERDA and Heidelberg–Moscow limits) [10] and 136Xe (combined EXO and
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AX M1 M2 M(+)3 M(−)3 |M4| |M5|
76Ge 9.0 −1.6× 103 1.3× 102 2.1× 102 |1.9× 102| |1.9× 101|
136Xe 4.5 −8.5× 102 6.9× 101 1.1× 102 |9.6× 101| |9.3|
TABLE I: The numerical values of the nuclear matrix elements Mi taken from Ref. [2].
KamlandZEN limits) [13]. We use:
T 0νββ1/2 (
76Ge) ≥ T 0νββ−exp1/2 (76Ge) = 3.0 1025 yrs, (44)
T 0νββ1/2 (
136Xe) ≥ T 0νββ−exp1/2 (136Xe) = 3.4 1025 yrs. (45)
From these experimental lower bounds we derive upper limits on Ci(Λ) using Eq. (38).
Since the d = 9 effective operators contributing to the short-range mechanism of 0νββ are
generated at the mass scale of the heavy particles and considering that the LHC gives limits
of the order of ΛLNV ∼ 1 TeV, we also present the limits on Ci(ΛLNV ). The results are
shown in Table II, where we also present, for comparison, the “old limits” C
(0)
i neglecting
the QCD running, but updated with the new half-live limits as given in Eqs (44) and (45).
Neglecting the QCD running corresponds to setting UXYij = δij in Eqs. (39)-(43).
We assumed for simplicity that there are no significant cancellations between the terms
in the right-hand sides of Eq. (38). Comparing the different numbers, one sees that the
running between MW and µ0 ' 1 GeV is more important than the running between 1 TeV
and MW , but the latter is not negligible. As can also be seen from Table II, the QCD RGE
running has the largest impact on the contributions to the operators OXX1 and OXX5 . This
can be understood since their RGE mix with the operators OXX2 and OXX4 , respectively,
which have significantly larger nuclear matrix elements, as seen from Table I.
If one is interested in constraining a particular high-scale model such as, for example, the
scalar exchange considered in sec. III, the corresponding limits on the model parameters in
certain cases can be more stringent than in Table II. For example, the model specified in
Eq. (12) with S8,2,1/2 contains two non-vanishing Wilson coefficients at the matching scale,
CRR1 (Λ) and C
RR
2 (Λ), which obey the relation C
RR
2 = (3/20)C
RR
1 . Since the individual limit
on CRR2 is weaker than the one on C
RR
1 , the upper limit on the total C
RR
1 in this model
is only about 2% better than in Table II. For all models listed in [9] one can find QCD
improved limits in the same manner. Note, however, that for other models the changes of
the limits, after taking into account both operators, can be much larger than in our example
model.
VI. CONCLUSIONS
In this paper we have calculated QCD corrections to the complete list of Lorentz-invariant
operators for the short-range (SR) part of the 0νββ decay amplitude. We have used the
RGE technique to derive 1-loop improved limits on all the Wilson coefficients appearing in
the SR contributions to 0νββ decay. We stress again, that we have taken special care to
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AX |CXX1 (Λ1)| |CXX1 (Λ2)| |CXX(0)1 | |CLR,RL1 (Λ1)| |CLR,RL1 (Λ2)| |CLR,RL(0)1 |
76Ge 5.0× 10−10 3.8× 10−10 2.6× 10−7 1.5× 10−8 9.1× 10−9 2.6× 10−7
136Xe 3.4× 10−10 2.6× 10−10 1.8× 10−7 9.7× 10−9 6.1× 10−9 1.8× 10−7
AX |CXX2 (Λ1)| |CXX2 (Λ2)| |CXX(0)2 | −
76Ge 3.5× 10−9 5.2× 10−9 1.4× 10−9 −
136Xe 2.4× 10−9 3.5× 10−9 9.4× 10−10 −
AX |CXX3 (Λ1)| |CXX3 (Λ2)| |CXX(0)3 | |CLR,RL3 (Λ1)| |CLR,RL3 (Λ2)| |CLR,RL(0)3 |
76Ge 1.5× 10−8 1.6× 10−8 1.1× 10−8 2.0× 10−8 2.1× 10−8 1.8× 10−8
136Xe 9.7× 10−9 1.1× 10−8 7.4× 10−9 1.4× 10−8 1.4× 10−8 1.2× 10−8
AX |CXX4 (Λ1)| |CXX4 (Λ2)| |CXX(0)4 | |CLR,RL4 (Λ1)| |CLR,RL4 (Λ2)| |CLR,RL(0)4 |
76Ge 5.0× 10−9 3.9× 10−9 1.2× 10−8 1.7× 10−8 1.9× 10−8 1.2× 10−8
136Xe 3.4× 10−9 2.7× 10−9 7.9× 10−9 1.2× 10−8 1.3× 10−8 7.9× 10−9
AX |CXX5 (Λ1)| |CXX5 (Λ2)| |CXX(0)5 | |CLR,RL5 (Λ1)| |CLR,RL5 (Λ2)| |CLR,RL(0)5 |
76Ge 2.3× 10−8 1.4× 10−8 1.2× 10−7 3.9× 10−8 2.8× 10−8 1.2× 10−7
136Xe 1.6× 10−8 9.5× 10−9 8.2× 10−8 2.8× 10−8 2.0× 10−8 8.2× 10−8
TABLE II: Upper limits on the Wilson coefficients in Eq. (38) with Ci(Λ) calculated for two
different matching scales, Λ1 = MW and Λ2 = ΛLNV = 1 TeV. For comparison we also give C
(0)
i ,
i.e. limits without QCD running.
present our results in such a way, that improved limits can be derived easily, should updated
experimental limits or improved nuclear physics calculations become available.
Our numerical results show that the QCD corrections are indeed important. We note that
both more and less stringent limits can result from taking into account QCD corrections,
depending on the operator under consideration. In particular, the appearance of color
mismatched operators lead to operator mixing which, due to largely different nuclear matrix
elements for different operators, can lead to surprisingly large changes in some limits. QCD
improved limits from 0νββ decay should therefore be used, when comparing constraints
from 0νββ decay with those derived from LHC.
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I. APPENDIX A. EXPLICIT FORM OF THE EVOLUTION MATRIX.
Here we give the numeric values of the µ-evolution matrix elements defined in Eq. (27)
and taking into account the quark thresholds according to (30). In the notations used in
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Eqs. (39)-(43) we have for two reference values , Λ1 = MW and Λ2 = 1 TeV, of the high
energy scale Λ, and µ0 = 1 Gev, the following results
UˆXX(12) (µ0,Λ1) =
(
1.88 0.06
−2.76 0.40
)
, UXX(3) (µ0,Λ1) = 0.76, (A.1)
UˆLR(31)(µ0,Λ1) =
(
0.87 −1.40
0 2.97
)
, UˆXX(45) (µ0,Λ1) =
(
2.33 0.39i
0.64i 3.35
)
, (A.2)
ULR(4) (µ0,Λ1) = 0.70, U
LR
(5) (µ0,Λ1) = 2.97 . (A.3)
and
UˆXX(12) (µ0,Λ2) =
(
2.24 0.07
−3.70 0.27
)
, UXX(3) (µ0,Λ2) = 0.70, (A.4)
UˆLR(31)(µ0,Λ2) =
(
0.84 −2.19
0 4.13
)
, UˆXX(45) (µ0,Λ2) =
(
2.98 0.69i
1.15i 4.82
)
, (A.5)
ULR(4) (µ0,Λ2) = 0.62, U
LR
(5) (µ0,Λ2) = 4.13 . (A.6)
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